Orbital Mechanics: Final Topics

This article systematically introduces several core topics in celestial motion, including the
solution and small quantity approximation of Lagrangian points, hyperbola and parabolic
orbit problems, calculus derivation of Kepler's first law, and detailed answers to several typical
exercises.
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1: Lagrange point

The three celestial bodies M, N and P satisfy my; >> my > mp

How many points exist in space so that P can be stationary relative to M and N at this point (M, N, and P
form a stable rotation)

From the law of universal gravitation, we know:
If P, M, and N are not collinear, then P, M, and N form an equilateral triangle, thus finding two points.

Taking M and N as the rotational inertial system, then P is subject to the centrifugal force directed from
the center of mass of M and N to P and the gravitational force of M and N on P.

Sincemy;r >> my > mp, itis approximately considered that the centers of rotation of the three are
the centers of mass of M and N.
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Situation 1

From left to right, they are M, N, P

GmpmM GmpmN

o 2
(r + x1)? z2 = mpw(r + 1)

Gmyy +GmN my + my
(r + x1)? x? r3

mar(3r2z3 + 3rzt + 2°) = my(r® + 2rtz; — 3r223 — 3rz] — 20)

A small quantity approximation method is introduced here: we first assume that 7 is a small quantity
relative to r, and then check the rationality of the result.

my(3r2z3) = myr®

my
T =4 r<<r
3mM

A small amount is approximately reasonable.
Situation 2
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Similar onesinclude: 9 = ¢ S"’N r
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Scenario 3

Since my << mjs and P is closer to M, the gravitational force of N on P can be ignored, obviously
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Example 1
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As shown in the figure, imagine a "ladder" placed along the Earth-Moon line: the left end is close to the
Earth, and the right end is close to the Moon, but neither end touches the Earth or the Moon, and both
ends are suspended in space.

Known:s

+ The distance between the earth and the moon is r;

+ The ladder can be regarded as a uniform thin rod;

- The density of the ladder material is p;

 The cross-sectional area of the ladderis S;

+ The acceleration due to gravity on the earth's surface is g;

- The gravitational acceleration on the Moon’ s surface is gnioon;
 The radius of the Earth is Rgarin;

+ The radius of the Moon is Ryioon-
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Question

1. If the ladder is required to remain stationary relative to the Earth-Moon system, and both ends of
the ladder are suspended in the air, then a counterweight needs to be hung at one end of the
ladder. Should this weight be hung on the end closer to the earth or the end closer to the moon?

2. Which point on the ladder is most likely to be broken? Try to explain its relationship with the
Lagrangian point in the Earth-Moon system.

(1) Taking the earth-moon connection as the system, introducing inertial force
First consider the total external force on the rod without counterweight.
It is difficult to solve directly. Consider the principle of virtual work:

Consider this process: Use a virtual force F’ (positive direction toward the moon) to move the ladder a
short distance toward the moon AL

At the beginning, the rotation center of the system is approximately near the center of the earth, so the
centrifugal potential energy (the potential energy generated due to the work done by the inertial
centrifugal force) of a small section at the earth's end is close to 0 at the beginning.

GM,
R,

GM,,

AE = FAL = pSAL[(0 — (- -

) +(

F>>0

1
—0)] + (—§w2r2pSAL —0)

Therefore, the total external force exerted by the wooden pole is toward the earth. A counterweight
should be placed on the end of the moon to receive the greater gravitational pull of the moon.

(2) It can be found that, taking the moon-earth connection as the system, to the left of the middle
Lagrange point, the resultant force of gravity and centrifugal force on the ladder is to the left; to the right
of the middle Lagrange point, the resultant force of gravity and centrifugal force on the ladder is to the
right.

The force of each part to the left will accumulate, and the force of each part to the right will also
accumulate, so the difference in left and right pulling forces at the middle Lagrangian point is the largest
and it is most likely to break.

2: Hyperbolic track

> 0, hyperbola equation o _ g—i =

a?

GMm

Mechanical energy E = =5 ™

There is a spacecraft moving in a straight line at a uniform speed around a planet. The orbit radius is R,
and the spacecraft speed is vy. The spacecraft suddenly ignites, and the spacecraft accelerates from v to
v/3vg, and the acceleration direction is the same as the speed direction. In this way, the spacecraft
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moves along the new orbit. Let ¢ be the angle between the speed direction of the spacecraft when the
engine is ignited and the speed direction of the planet in the spacecraft when it is farthest away
(ultimately long and difficult sentence)

According to the virial force theorem:

1 GMm
By = 5"””2 +(=— )
GMm >

1 1
E=FE)+ Em[(\/gfu)2 — ¥ = imv2 >0

It is easy to know that the new motion trajectory of the spacecraft is a hyperbola, and the final speed is
close to the asymptotic direction. It can be determined by simply requiring the eccentricity of the

hyperbola.

The well-known orbital equation of celestial motion is:

L2
GMm?

1+ 1+ﬂcosﬁ

2M2m3
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Methods that rely less on secondary conclusions:

Y \
V" ‘(\-- — /;
¢

1 1
§m(\/§v0)2 —mui =0+ §mv2

mv/3vyR = mub
(R+a)sing =a
b= (R+a)cosyp

csp _ /3

1—sing
w = 30°

Example: The sun with mass M (fixed and regarded as a particle), and the particle with mass m
approaches M along a hyperbola at a speed v and aiming distance b. From infinity, under the action of
the universal gravitation of M, it approaches M and then moves away far away. Find the scattering

angle 0 (the deflection angle in the direction of motion).
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The initial velocity direction is the direction of the hyperbola asymptote, and the aiming distance is the
distance from the focus to the asymptote, and its size is equal to the length b of the semi-imaginary axis
of the hyperbola.

Use mechanical energy to find the semi-real axis a for the bridge (note that the formula is different from
the elliptical orbit symbol):

GM 1
E = m_ —muv?
a 2
2GM T —0 a a
a= cos ==
v 2 c  vaZ+ b2
a® — b  AG*M? — v*b?
cos(m — 0) = =

2 +02 AGZM2 + v
4G2M? — v*b? )
4G2M? + v4b?

6 = arccos(—

Three: Parabolic orbit

Two comets with both masses m move around the sun along their own parabolic orbits. The two orbits
are coplanar. When the two comets move to a distance R from the sun, they collide vertically with each
other and combine into one celestial body. Discuss the orbit of the combined celestial body at this time.

Obviously, the gravitational potential energy remains unchanged before and after the collision of the
two bodies, and the kinetic energy decreases (inelastic collision), so the total mechanical energy is
E < 0,and the new orbit is an ellipse.

Further, calculate the semi-major axis of the new orbit.

1. V2 1 1
AFE = 22m(—=-v)? — 2=mv? = —=mu?
5 m( 5 v) 5 MY 5 MY
1 M(2
E:0+AE:——vaZM
2 —2a
2GM
a =
02
1 GM
i
R
a=R

The difficulty of the problem has been upgraded. The masses of the two comets are my, ms.
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Considering the conservation of momentum when two comets collide, draw a vector triangle:

antily) V?

K
- = \ —
AL

(my + ma)v = v/ (m1v1)2 + (Mmawy)?

1

_ 2 2
v Vv (mav1)? + (mavy)

1 1
E=AE = §(m1 + mg)v? — é(mlv% + mav3)

mimes 2 9 2m1m2 GM GM(ml + mg)
= S ] 08) = e
mi + mz) mi + My a
a= —(ml + m2)2R

Admimy

Exercises

Example 1

Alunar lander of mass m is connected to a space shuttle of mass 2 m, and together they make uniform
circular motion around the earth. The orbit radius is three times the radius of the moon. After the space
shuttle ejects the lunar lander in the opposite direction, the lunar lander still moves in the original
direction, lands on the lunar surface (the orbit is tangent to the moon), stays on the surface for a period
of time, and then quickly starts to dock with the space shuttle along the previous elliptical orbit. Find all
possible time intervals that the lunar lander can stay on the lunar surface. It is known that the lunar
surface gravity acceleration g,, = 1.62m/s? and the lunar radius R,, = 1.74 x 10%m.
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GM,,(2m + m) v3
= (2
(3R.)? (2m +m)op-
GM,,
Vo =
’ 3R,
27T(3Rm) . 3Rm
T() = T = 67TRm Giju,m
GM,,m
mg = R2
GM,, = ngfn

TO = 671'Rm

:6,#——:9%
gmRZ, " 9m

The advantage of calculating T} is that the new orbital period of the lunar lander and the new orbital
period of the space shuttle can be expressed by Kepler's third law.

Suppose the semi-major axis of the lunar lander's new orbit is a; and the period is 77, and the semi-

major axis of the space shuttle's new orbit is as and the period is T5.
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(2m + m)vg = mu; + 2mu,
2a1 = 3R, + Ry,,a1 = 2R,
Ty 2R, 2
N eo
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2 3R,, —2(3R,)
lmv2 _ GM,,;m
20 6R,,
GM,,m GM,,m GM,,m
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1
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3muvg = mu1 + 2muy, vy =

4
GM,m_ 1 1 11 -6v2. GM,;m 11 —6+/2
By — (- 3R, ) = §2m[v§ —vg) = §mv3( T = 6R. (%)
gLl 2v2 GM,m  GM,,(2m)
T8 R,  —2a,
8
ay = —— = 4.38R,,
2T 92 -1
15 as . s
— =(—)2 =1.76
Ty (ao)
T5 = 16.5h
Only the finishing touch remains:
T, +t=nlTs
t= ’I’LTQ — T1
= (1.76n — 0.54)9.4h(n =1,2,3,...)
tmin = 11.5h

Example 2

(1) As shown in the figure, consider two orbits revolving around the sun. An orbit P is a circular orbit
with a radius of R, an orbit () is an elliptical orbit, the aphelion is b from the sun between 2R to 3R, the

perihelion is a, and the distance from the sun is R/3 to R/2 between. Based on the above conditions,
the possible maximum and minimum values of f}—b are calculated.
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From conservation of angular momentum:

VaTn = VpT'f

So:pr = L € [4,9]

Up

(2) A large number of identical tiny particles form a spherical cloud. Start completely still. A mass density
of pg occupies an area in the air of radius 7. Under the action of gravity alone, regardless of any other
forces or influences between particles, collisions will not occur. Please guess (estimate) how long it will
take for these clouds to collapse to one point.

Consider the time it takes for the outermost particles to move to the center: they are equivalent to being
outside the uniform sphere (including the boundary), and the gravitational force they receive from the
uniform sphere is equivalent to the gravitational force corresponding to the mass concentrated at the
center of the sphere.

GM
a = —T2
. G(%”’SP@)
= 3

Essentially, it is to find the half period of an elliptical orbit with an eccentricity of 1 (degenerated into a
straight line).
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Example 3

The mass of the two particle points is m, and the gravitational constant is G. If the two particle points

make a special binary motion, that is, the two particle points make an elliptical orbit with the same
shape, find the period of motion.

—d —> |

2 . ‘
o I {

It is not difficult to see that the gravitational force between two particles can be equivalent to placing a
particle with mass 7 at point P.

a® G(im)

T2  A4Agx?

+d\3 3
And the semi-major axis a = %,the solutionis: T'=m 1603 _ /) &2
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Kepler's first law (starting from the formula of
universal gravitation)

Review the polar equations of an ellipse:

a? b?
p:——c:—
@ @
e = p
p — pcosf
ep
=——— € (0,1
P 1+ecos«9’e (0,1)

Historically, Hooke used geometry to complete the proof, while Newton used calculus (or flow method).

We use calculus.

L = mppé = mpzé
GM

an:ﬁ_pé2:_ P2

Note that the positive direction in the above formula is outward along the vector radius. We eliminate 6:
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— L2m = Ccos(f + ¢)
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A 1+ Ccos(f+ )
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A

Obviously,e = C,p = Gﬂf}—zmz, and as long as you choose the correct polar axis, you can make ¢ = 0.

Infact,e = 4/1 + %

‘ Quick memory

lyear = 365day = 525600min = 31536000s

My = 1.99 x 103%kg, Mogrin = 5.98 x 102*kg, Myroon = 7.35 X 10%2kg, Regrin = 6.37 x 10%, Ryoon =
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Example 4

Two supernovae with masses M, m are separated by d, and each performs circular motion around its
stationary center of mass. In the supernova explosion, the supernova with mass M loses mass AM.
Assume that the explosion is instantaneous and completely spherically symmetrical, and the direct
effect of the explosion debris on the supernova with mass m is ignored.

In order to keep the remaining binary stars bound and not move away from each other, find the
maximum value of AM.

The question condition is equivalent to that the mechanical energy of the system in the center of mass
system is less than 0.

m d M d
ry=———d,ry, =
M= Mim” M+m
GMm
2 - Muw?ry

Since the explosion is completely spherically symmetrical, the velocity of the remaining part remains
unchanged, but the velocity decreases, which means that the center of mass velocity is no longer 0.

mwry, — (M — AM)wry,

Ve —

M+m—-AM
1
Ey. = §(m+ M — AM)v?
1 1
E, = §(M — AM)(rpyw)? + im(rmw)2
U _GM —dAM)m

Taking the center of mass after explosion as the system, combined with Koenig's theorem:

E=E,—-E.+U<0
M +m

= AM < 5
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