Introduction to Basic Calculus: Applications
|

Use calculus as a tool to solve physical problems: from the conservation of mechanical energy,
simple harmonic motion and elastic potential energy, to the radius of curvature, the principle
of virtual work and the variable mass rope, to the kinematics of the micro-element method
and the moment of inertia of rigid bodies, and the differential equations and integral ideas in

series mechanics.
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Example 1

Example 2

In simple harmonic motion:

Alternative z(t):

- Acos(wt + @)
- Asin(wt + ¢)

. gutto

But ’ﬁk < 0 can be excluded e*tt¢

Assume z(t) = Asin(wt + ¢), then:

v(t) = Aw cos(wt + @)

a(t) = —Aw? sin(wt + ¢) = %A sin(wt + @)
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Solution: w = 4/ =, ¢ = arcsin 7

Combined with the conservation of mechanical energy, the expression for the elastic potential energy of

the spring can be derived:

When the spring oscillator is in the equilibrium position, assuming E,,, = 0, the elastic potential energy

is minimum and the speed is maximum.

%va +E,=C
k
w =1/ —
m
v(t) = Aw cos(wt + @)
C = %m(Aw)2

Solution: B, = im(Awsin(wt + ¢))* = Lkz?
['NOTE] It is well known that simple harmonic motion can correspond to uniform circular motion one-
to-one

A point on the circle can determine the size and direction of the displacement and velocity of

motion.

For simple harmonic motion, if you make a v — x diagram, the image will be an ellipse:

z = Asin(wt + ¢)
y = Aw cos(wt + @)

2 2
%_'_Angzl
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Example 3

(Second question of the 35th semi-finals - simplified version)

35/&)5%3:@

PR a5 B A
Farndt 4 R = Sso/f 4
L Fg g p R A MR mebn be
it AR LR kom . FAHRANLELER

First, in order to be able to move in the first place, it must be true:

kAy > umg

pmg
A it
0> &

Then list the energy conservation during motion:
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1A = 1kz® + (Ao + z)pmy,
kx < umg — x € (0, 79)

Solution:

2 2um 2um 3u’m?2g?
43 :$2+E(Ao+$)ﬂm9€( “k ng, “k gA0+%)

That is:

,U,2ng2 4,U2m292

pmg
(AO - —)2 € ( kz ’ k2 )

(Aha) Finally got:

2umg 3um
e (B0, B

Another solution: (synthesize elastic force and friction force, using the symmetry of simple harmonic
motion)

» "Bty E = el ik« A 4

~AN—0'>—"¢

Ps ke = Mg Dxe MY/}
4 (% v5) o 33 14
{awmp. o wdnttlizE @ik
1) = Ao ¥ o' 29 3 fbi ok fR]D XetA>0

) By ey Kt K wp Lih > (Ao -2¥) ‘[<<N'rj
””'“3/,: <Ao< 3!‘“‘5/’{
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1. 0 X

Original problem

Radius of curvature

A curved motion can be regarded as the sum of several circular motions, and each physical quantity

satisfies:
Fom?,
. g
an, = %n,
= |d x| i = a7
" AT
Example 4
Find the radius of curvature of parabolay = z? atz =
7 = (z,z?)
dx dx
(& %)
d’z _ dz d’x
= (—,2(—) + 20—
(o 2 ) T2 )

Suppose ‘fi—f = 1, thatis, the particle moves at a constant speed in the horizontal direction. At x = 0, the
centripetal acceleration is along the y-axis direction and the tangential acceleration is 0:
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. . 1
a, = [d] =2,9=(1,0),[v| =1,p= — = 2

Example 5

Given the ellipse —z + - 1(a > b > 0), find the radius of curvature at the endpoint.

T
a 2
If the horizontal speed is set to be constant, problems will occur at the long axis; if the vertical speed is

set to be constant, problems will also occur at the short axis.
We use polar coordinate substitution:
Z = (acos(wt + ¢), bsin(wt + ¢))

U = (—aw sin(wt + @), bw cos(wt + @))
d = (—aw® cos(wt + ¢), —bw? sin(wt + ¢))

At (0,b),wt + ¢ = 7.
U = (—aw,0)
a, = d = (0, —bw?)
ol _ &
|an| b
At (a,0),wt + ¢ = 0.
¥ = (0,bw)
a, = d = (—aw?,0)
I
 aa @

Example 6

A long wooden stick is supported on a fixed circle. One end A moves at a constant speed on the ground
with a speed of v. Find the speed of the intersection point P and the contact point E.
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Similarly, we find the velocity of the contact point E. Note that the constraint condition of the contact
point is not on the circle, but the distance to point A remains unchanged.

- 2 7
AP = (— — 1-—
C —amf1- 1))
|AP| = v/ 22 — r?
B JF=F v

l_‘: —_— = (m———————
|AP| ( 7 ’az)
E=A+|AP|
E'(t)= A +|AP|l
272 1
= (v,0) + Va2 — r2(—v =5 =)
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Example 7 (Principle of virtual work)

There is a circle with a uniform string placed on the semicircle part and the mass is m. Find the tension
at the vertex.

fﬁ m)f%lii l‘ﬁg 13 )
wnwie ke m
F ks394,

f
Fis

For the force analysis of countless tiny mass elements, consider the force balance along the tangential
direction:

do
dF = —mgcos@

T
F s
/ :@/zcosﬁde
0 ™ Jo

_myg

™

Of course, we have a highly technical approach: Virtual Work Principle.

Slowly pull the rope Az, FAxz = %ng, then FF = ™4

9/17



FRESHMARK -

(2)

Physics Introduction to Basic Calculus: Applications Il

e
IR H3 FARENBTR) W T Y
i, N RN M SRS g

T T BT, WIKFHE s B
Bl r R EEME, EFL>2wr , At
L% E 5w RS ER R R E, 75
ZE PR IR AR AT W A — B TR Y, a1l
F R SR AR AN | TR I BU 8] A A AT T
51 1

a. HESIR RALZE AR Z IR AN T =2 Mg

e e e e e v w00 575+ o e e et S St Cht o Tt e
..................................................

Using the principle of virtual work, we can easily solve the problem of 2026 Chaoyang Senior High
School Second Model T19(2)

Example 8 (must be wrong)

A homogeneous thin rope on the ground, length [, linear density A, vertical upward constant force Fj

pullsone e

nd of the rope, the speed of the rope when it just leaves the ground v

L EhRR
nwe-Bk@ke. KL KB
187 f,2 4 - bip, ékmz%ﬁw@asﬁi&k?

ébk
1Fo i X wb‘.!“”"ﬁﬁ“i“”ﬂ;}\

(&7 T e E

vg }1# g’&ﬁy%‘mkaiﬁ-
’X{ Zl!—ii‘hu Dl"' %‘,‘5 AstA

/Oglgb/ﬁmtéﬁdxns. 3 P=Fom X'Aj

1 1
SAgl+ 51)«03 = Fyl

UVt = 2F0/)\—gl

Unfortunately, this is a standard error. Extra work is required to straighten a tension-free rope, and the
v; obtained by this method is too large.
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When the rope end is away from the ground z, if the speed isv, ¥ = ‘é—f, and then lifts upward to Ax:
Momentum theorem: F'dt = (zA)dv + (dz)(v + dv)

Approximating the second order epsilon:

d(vz)

F = \zd Avdx = A
rdv + Avde gt

Fdt = Md(vz)

But the time is unknown. If you use dz = vdt, you can solve this problem:

Frdr = Mvz(xdv + vdz) = Avz)d(ve)
Note that F" here is the resultant external force, F' = Fy — x\g

/OZ(FO — zAg)zdx = /Olvt A(vx)d(vz)

lop 1, .3 1 2
2F0l 3)\gl —)\z(vtl)

1 1 1
—_F,— = — A=(v,)2
5 Fo 3)\gl )\2(’075)

Solve vy = 4/ Fy /A — %gl
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Example 9 ("Micro-element method" kinematics)

Considering symmetry, it is obvious that the figure composed of three people is always an equilateral
triangle:

Decomposing the velocity along the connecting line direction, we can get:

3
da = _§Udt

VA
=V

) AFARB: Lo umn= 3V
) AFa*4B &,

VA=V
5
Ua-s= 3 V.

_ 2
B ‘t': a/\/A-QB - /BV

2
Solve t = 3—‘;
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SN
Nit= 3 %@Lw

A=0 FBuidv 024

Pursuit problem

Let the angle between kv and the vertical direction be 6

vtyg = a
to
/ kv cos@dt = a
Oto
/ kvsin0dt = a
0
dl = (—kvdt + vdt cos 6)

0 to
/ dl = / (—kvdt + vdt cos 0)
a 0

—a:—k:futg—i—g:—k‘a—l—g

k k
E—k—1=0
L 1+V5
2

Moment of inertia

Rigid bodies such as rods, plates, etc. (the distance between particles remains unchanged) - the motion
of the particle system can be decomposed into translation of the center of mass + rotation around the
center of mass

The Sun-Earth system can be regarded as a "binary star rotating" around the center of mass, and the
center of mass of the two can be considered to be in translation around the center of the Milky Way (only
for multiple mass points, there is the term rotation).
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The sun/earth motion can be regarded as the translational motion of the sun-earth system around the
galactic center + the rotation of the sun-earth around the center of mass.

Therefore, the force will produce translational motion with respect to the center of mass; the torque of
the force will cause rotation.

Newton’ s second law of point system

(Zm)ac = ZF

Koenig (center of mass motion) theorem

Z —m;v; ——Mv +Z —m;v;,

Through a, it is not difficult to find v.; now we hope to find the angular velocity of all particles rotating
around the center of mass w through the moment of the combined external force.

Torque M = F'r,angular acceleration § = <

Definition: M = 13, where I is the moment of inertia.

I = Zmirf

The calculation formula is as above, where r; is the distance from particle i to the center of mass.

Example 10

Calculate the moment of inertia of a uniform rod about its center

1
I:2/ d—xmxz
o !

1
= —mil?
12

Example 11

Calculate the moment of inertia of a uniform rod about one end

l
d 1
I:/ 2 na? = “mi?
o ! 3
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Parallel axis theorem of moment of inertia

The moment of inertia of a rigid body about any axis of rotation is equal to the sum of the moment of
inertia of a rigid body about an axis parallel to the center of mass and the product of the total mass of
the rigid body and the square of the vertical distance between the two axes.

I=1+ Md*

Forexample 11,1 = I, + m(%l)2 = 1—12ml2 + imp — %ml2

Example 12

Find the moment of inertia of a uniform circular plate about an axis perpendicular to its center.

R
I:/ 27rrd’rmr2
0

wR?
_2m ®
= o i r
— %mR2
Analogy
Force Torque
m I=% mr?
v w
a B
F =ma M=1p
E = lmw? E = }1w?
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Summary

This article uses a series of examples as clues to show how calculus can become a unified language for
solving physical problems.

- Differential equations and conservation of mechanical energy (Example 1, Example 2): List
the differential equation of 4% a or dt2 Z based on energy conservation, and then solve it by
separating variables or trial solutions. In simple harmonic motion, we deduced w = 1/k/m from
z(t) = Asin(wt + @), and derived the elastic potential energy E,, = $ka? based on the
conservation of mechanical energy. At the same time, we established the correspondence
between simple harmonic motion, uniform circular motion, and v-z ellipse diagrams.

- Symmetry of simple harmonic motion (Example 3): In vibration problems involving friction,

energy conservation is used together with the technique of "synthesizing elasticity and friction,
and utilizing symmetry" to obtain the value range of the initial amplitude Ay € (2"%, 3"%)
- Radius of Curvature (Example 4-Example 6): Treat curved motion as instantaneous circular

) o
motion,use p = -~ and a, = ‘a‘aﬂ to find the radius of curvature of the end points of parabola

and ellipse; and avoid the trap of divergence of velocity components through appropriate
parameterization (such as polar coordinate substitution).

- The principle of virtual work and the problem of variable mass (Example 7 and 8): The
principle of virtual work can quickly find the tension at the vertex of the semicircular rope
F = %; and for variable mass problems such as "ropes off the ground", the momentum
theorem F' dx = A (vz) d(vx) must be used to deal with the "extra work of straightening the
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tension-free rope", otherwise it will fall into the standard error given by energy conservation, and

the correct resultisvy = 4/ Fy/A — %gl.

- Micro-element method kinematics (Example 9): Use symmetry and velocity decomposition
along the connecting direction to deal with the catch-up problem, and turn complex trajectories
into simple micro-element relationships.

- Moment of inertia (Example 10-Example 12): Decompose the motion of the rigid body into
"translation of the center of mass + rotation around the center of mass". The moment of inertia
I = 5" m;r? is derived from Newton's second law of the particle system and Koenig's theorem.
The moment of inertia of the rod and circular plate is calculated and verified by the parallel axis
theorem I = I, + Md?. Finally, an analogy table of the amount of translation and the amount of
rotation is given.

The core idea throughout the text is: First select appropriate physical conservation quantities or
dynamic equations, and then transform them into computable mathematical problems through
differential modeling, integral solution or micro-element analysis. Calculus is not only a calculation
tool, but also provides a perspective for understanding mechanical structures.
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