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Sequence limit

Introduction
Leta, =1—-10"(n=1,2,3,...)
It can be known that a,, is getting closer and closer to 1, but when n is infinite, is a,, actually 1?

From this, we introduce the e — N language from the perspective of error:

€-N language

If there exists an p € R such that: for any real number € > 0, there is an integer N, such that for any
n > N, |a, — p| < ¢ then pis called the limit of the sequence a,,, denoted as lim,,_,, a, = p.
Otherwise, it is called the sequence a,, without limit.

Function limit

Introduction
With the limit of the series (sequence), the limit of the function is naturally derived.
When z — 0, what is the value of f(z) = 227

In the same way, the € — & language is introduced
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€-5 language

If thereisap € R such that: forany e > 0, if thereisd > 0, such thatwhen0 < zg — x < 9,
| f(z) — p| < ¢ thenthe leftlimit of f(z) at zy is called p, recorded aslim,_,,- f(z) =p

In the same way, it is easy to get the definition of right limit.

In addition, iflim, .- f(z) = lim,_,,¢ f(z), then the limit of f(z) at z is p, denoted as

lim, .., f(z) =p

The above e-N language/e-& language is not the focus of this section

Useful limit judgment rule

Pinching theorem

If f(z) < g(z) < h(z),and f(x), h(z) limits exist and are the same, then f(z), h(z), g(z) limits exist
and are the same.

Example 1

Feel (loosely) lim,,_,o 2% = 1

From the relationship between the area and size of the unit circle, we are familiar with
sinzg <z <tanz,z € [0,7)
Therefore, there is the inequality cosz = 222 < ®22 < 1,z € (0, 5)

tanz

Because the limits of cos z, 1 at 0 are all 1, so:

Extreme algorithm

It is easy to prove that the limit of the four arithmetic operations is equal to the four arithmetic
operations of the limit:

LIflimg ., f(2) = p1, lim, ., f(z) = pa, then:

iy (F(2) £ 6(2)) = 1 £ po

© limg g, (f(2)9(2)) = P1p2

2.1flim, ., f(z) = p1, lim, ., f(z) = p2 # 0, then:
f(z)

‘ hma:—):m g(z)

S

1
2

3
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Example 2

Calculate the limit (the limit does not necessarily exist)

1
lim
z—5 1 —

xz — 5 — 0, thereis no limit

2122

lim —
z—0 sIn T

5 x? _ limg 0z 9 _0
0L = BT sinz 1 _
e=0sinx  limg o >

. sinz
lim
T—00 XL
According to the pinch theorem:
—1 sinz 1
— < S -
[z =z T fa]

The left and right limits are equal to 0, so the required limit is 0.

1022 + 203z
lim ———————
z—o0 3x2 + 51 + 7

lim, 00 (10 +2032) 10,

10z? + 203z 10 2031

lim —————— = lim - — == : — =
2900322 + 5z +7 2903452475 limg,oo(3+5; +7) 3

1 —cosz

lim ——
z—0 11,’2
2 s s T
. 1—cosz . 2sin” % 1. sins ,sin¥ 1 .. ,sin% 1 1
lim = lim 2:—hm( $2)( $2):—(hm( z2)2——><12:—
z—0 :(:2 z—0 1:2 z—0 5 5 z—0 5 2 2
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Derivative

Introduction

Considering the function f(x) = z2, what is the instantaneous rate of change of the function at
x=1?

Let’ sfirst consider the average rate of change fromx = 1tox = 1+ Ax:

FA+Az)—f(1) (Q+Az)?-1
Az o Az =2k e

When Az — 0, the average rate of change approaches 2, which is the instantaneous rate of change of
f(x) = z? atz = 1, that s, the derivative.

Derivative ©*Micro-Business

Differential is a small amount of change. The quotient of differential is called differential quotient.

Definition f'(x) = lima, o ﬁ—i = %

Definition of derivative

If the limit

lim f(zo + Az) — f(=z0)
Az—0 Az

exists, then f(z) is said to be differentiable at x(, and this limit value is called the derivative of f(x) at
df

xg, denoted as f'(xzg) or —

dz

Tr=x(

If f(z) is differentiable at every point in the domain of definition, then f’(z) is called the derivative
function of f(z), referred to as derivative.

The above strict definition is not the focus of this section, the important thing is to calculate the
derivative.

Derivatives of common functions

Starting from the definition, the following common conclusions can be derived:
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Function f(z) Derivative f'(z)

C (constant) 0

z" nz" !

sinx cos T

cos T —sinx
e’ e’
Inz 1
T

Example: Derivation from definition (z%)' = 2z

2 _ .2 2
lim (z+ Az)* — x — im 2zAz + (Az)

= lim (2 Azx) =2
Az—0 Az Az—0 Az A:lnrilo( P :B) T

Four arithmetic rules for derivatives

Rules
Assume that f(z), g(x) can all be derived, then:

1. Addition and Subtraction Rule: (f(z) £ g(z)) = f'(z) £ ¢'(x)

2. Multiplication Rule: (f(z)g(z)) = f'(z)g(z) + f(z)g' ()

3 Division rule: [ (%) ' f(@)9(z) — f(z)d () where a(x
Division rule: (g(:z:)) @) ,where g(z) # 0

Memory Tips: Multiplication rule - "Lead before and after, add lead without lead, then lead after
lead"; Division rule - "Lead up and down minus lead up and down, divide the square of the following".

Derivation of the multiplication rule

[f(2)g(z)] = Alirilo f(z + Az)g(x —iA—mA:L') — f(z)g(=)

Adding and subtracting the same term f(z)g(x + Az):

g(z + Az) — g(z)

o f@tA2) - ()
N Az

Az0 Az glz+Aa)+ fla)-
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= f'(z)g(z) + f(z)d'(z)

Example questions

Example 1
Find the derivative of f(x) = z®sin z.

By the multiplication rule:

f'(z) = (2°) sinz + 23(sinz) = 3z?sinz 4 2% cos

Example 2

Find the derivative (z # 0) of f(z) = ST

By the division rule:

f(z) = (sinz) -z —sinz - (z) _ mcosz —sinz

x2 x2

Example 3
Find the derivative of f(z) = e*(sinx + cos z).

By the multiplication rule:

f'(z) = (%) (sinz + cos z) + € (sinx + cos z)’

= e”(sinz + cosz) + € (cosx — sinx)

= 2e” cosx

Example 4
Find the derivative of f(z) = tan z.

sin .
Converttanz = by the division rule:

cos

. (sinz) cosz —sinz(cosz)  cos’z +sin’z 1 5

(tanz) = 5 = 5 = —— =sec’x
cos? z cos? z cos?
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(tanz)’ = sec’ z

Physical applications of derivatives

Z dr -
= = — :’]’
i

dt

dv

dt

e

The point symbol is Newton notation, which means derivation with respect to time.

Example 1

Use derivatives to find the velocity and acceleration of uniform circular motion with angular velocity w.

x = Rcoswt,
y = Rsinwt

v, = —Rw sin wt,
vy = Rw coswt

Sov = 4/vi+v) = Rw

a; = —Rw? cos wt,
ay = — Rw? sin wt

Soa = /a2 + a2 = Rw?
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Example 2

of g RE % 3. ™ B4

24 V¢T 2.
+ %003,

i)

There are two ways to deal with this problem:
1. Decompose in Cartesian coordinate system
2. Decomposition in polar coordinate system
Method 1

Let’ s start timing from the top of the circle:

y= R — vt
z=+/R?—y?=+/R?— (R—vt)?

vy =Y =—v,
)= L(R*— (R~ vt)Z)%i [R? — (R — wt)?]'
= 3(B? = (R—vt)*) 7 (-1)(-v)'2(R — vt)
= (R?— (R—vt)?)? (R — vt}
\ % - talr)le

Sov = 4/v2 + U; = %5 (easy to get by decomposing speed)

a, =0,
— (¥ — yYEyr _ rvyee | oatty’ 2 1
Gy = (va:(t)) =V TV T U s = U Rande

There is a common mistake to note here:
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v~

After correction, we get:

Method 2

Al Summary (Sonnet 4.6)

Introduction to the Basics of Calculus (for physics competitions, focusing on practical applications) is
divided into three major sections:
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Limit: From the sequence limit (e-N) to the function limit (¢-8), master the pinch theorem and the four
arithmetic rules, and be able to calculate common limits.

Derivatives: Understand the essence of "instantaneous rate of change is the limit", memorize the
derivative tables of common functions, and master the three major operation rules of addition,
subtraction, multiplication, and division.

Physics Application: Velocity v = 7, acceleration a = 7, use parametric equations + derivation to deal
with geometric problems such as circular motion.
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