Bounded Monotone Sequence
Transformations Eventually Repeat

(2024 + Xuzhou Simulation) For the sequence P : a1, a9, - - - , a, where each item is a positive
integer, define transformations T and 7} to transform the s
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(2024 - Xuzhou Simulation) For the sequence P : ay,as, - - - , a, where each item is a positive integer,
define transformations 77 and 7} to transform the sequence P into the sequence

Ti(P):n,a; —l,ay — 1,--- ,a, — 1. Forthe sequence @ : by, bs, - - - , b, in which each item is a
non-negative integer, define S(Q) = 2(by + 2by + - - - + mby,) + b + b3 + - - - + b2, define
transformations 15, T Arrange the items in the sequence @) from large to small**, and then remove all
zero items to obtain the sequence T5(Q).

(1) If the sequence Py is 2,4, 3, 7, find the value of S(T1(F)).

(2) For the finite sequence Py where each item is a positive integer, let P11 = To(T1(FP:)), k € N.
(i) Explore the relationship between S(7T7(Fp)) and S(FP);

(i) Proof: S(Pr11) < S(Pg).

(l)Tl(PO):47173a276,
S(Ti(P)) =2(1 x4+2x1+3x3+4x2+5x6)+4>+12+32+2246%=2x53+66=172

(2)(i)
S(T(P))
=2n+2(a; — 1) +3(az — 1) + ... + (n+ 1)(an — D]+ n* + > (a; — 1)°

_n(n+3)

n
5 J+n®+n+2(a1+202+ ... +na,) +2(a1 + a2+ .. +an) + Y _af —2(ar +az +

i=1

=2[n

=2(a; +ax+...+ay) —I—Zaf
i=1

= S(P)

(if)

From (i) we know: S(T1(Py)) = S(F), only T causes S to become smaller:
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Proof below: S(T5(A4)) < S(A).

The T’ operation** will not change the size of the sum of squares**, but putting the large number in the
front will have a smaller coefficient; putting the small number in the back will have a larger coefficient,
which is equivalent to a smaller reverse sum.

[!TIP] Pay attention to the operation sequence of T3 Arrange the terms in the sequence () from large
to small**, and then remove all zero terms

Although the final results of Remove zeros first and Sort first are the same, this order can assist us in
the writing process.

el 2 @ (D&M E.P,:2,4,3,7,T,(Py):4,1,3,2,6.
FRA: ALY A PR LR
S(T,(Py))=2(4+2X14+3X3+4X2+5X6)+16+1+9-+4+
36=172.
(2)Ci) Pyiaysazs sa,(a;says=a,EN"),
T,(Py):nsa,—1,ay—1,"a,—1,
S(T,(Py))=2[n+2(a;—1+3(a,—D+-+n+1)(a,— 1]
+al+(a; =D (a,— D+ + (a0, — 1?2,
S(Py)=2(a,+2a,+3ay+++na,)+al+al+-+a?,
TR LB e iE i R A
S(T | (Py))—S(Py)=2n+2a,+2a,+++2a,—4—6——

2(71+l)+nz—2a1—2u2—~--*2a,,+n:n2+3n—~(2n+2¢=
0,F7 14 S(T, (Py)=S(P).
Cii )R A RERY H Ak R BT a),az,5a,,

HAEISI<G<n &F a0, <a; B, XHBFN AN AE5H

RiFE %5 B,
8 S(BY—S(AY=2(ia; +ja;, —ia; —ja;) =20 —j)(a;—a )<
0, BALE 1<Sm<n AT 4,01 =iy =" =a, =0 B, FiLH 5

aysaysesa,, ACM S(CY=SA),

B S(T,(ANKSA) i st TEEL L6445 P,

| P =T, (T (P ) (k=0,1,2,++),S(P,, )<S(T,(P,)),
Wi )4 S(T, (P))=S(P,), Bk S(P, . )<S(P,).

Reference answer

The answer is relatively normal, which is equivalent to proving the sorting inequality

Why is it more difficult to write remove zeros first? Because if remove zeros first, if there are Os in the
middle, then the value of S' may be adapted. And sort first makes 0s at the end, and removing zeros
does not affect S.

Finally, I’ 1l add one more question, taken from the 2026 Beijing No. 2 Middle School Grade 2 (Part 2)
Grade 4 exam:

(1) Prove that for any finite sequence Ay whose terms are positive integers, there exists a positive
integer K such that when k > K, S(Ax+1) = S(Ax).

[!'TIP] Consider the boundedness, monotonicity and discreteness of S

(21) (2025 Daxing) (15 points for this question)
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For a positive integer n, define T'(n) as the sum of the squares of each digit of n. It is known that the

infinite sequence {a, } satisfies: a; is a positive integer, and foranyn € N*, a,,.1 = T'(a,).

() If a; = 2, find the value of as, as, a4, as;

(1) If a1 is a three-digit number, is there a; such that a;, as, as is incremented? If it exists, find all the

values of a; that meet the conditions; if it does not exist, explain the reason;

(Il1) Prove: For any positive integer aq, there are always positive integers K and T, such that for any

n>K,a,, = a,.

dam

...... 545

fiblay<a, SHa,>a7xfE.
ik, NEfEa, [Hiffa.a ,a @4

a, 21000 fif, Ha, A kAiE, Ma, =107 (k=4),

fiitla,, =T(a)<k 9 =8lk.
Bk=40f, 8lk<10".

fitla,, =T(a)<a,.
FRUAFEN >n, Ha,<1000. - 34

Ma <1000}, a,, =T(a)<3 9'=243,
Fibla,, eS=1{,23-243}

(5 945 {a, } ST 5 $5,
AS={.23 M3} sER%ES, Ha,,=T@),
A EE {a, } FEARA S P RE LA S IS
FRUMFEL P> anf, Ha,=a,,

WK=q, WT=p-q.

FrUHER M IEE S a ,

BAEERESE KT EAMEENA>K, a,; =q,.

Reference answer to part 1l

(1) of the two questions are exactly the same, both making use of discreteness and boundedness,

leaving it to the readers to think for themselves.
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