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Question 1

Assume , prove: 

Proof: We do homogenization 

Then 

Question 2

Assume , prove: 

Proof: Pay attention to the homogeneity of the formula, just put the mean inequality on the
denominator and let the degree of  be  respectively.

Original 

Equality condition: 

That is 

draft

a,b,c>0,abc=1a,b,c\gt 0,abc=1a, b, c > 0, abc = 1

1a+1b+1c≥a+b+c\frac{1}{a}+\frac{1}{b}+\frac{1}{c}\geq \sqrt{a}+\sqrt{b}+\sqrt{c}+
a

1
+

b

1
≥

c

1
+a +b c

LHS=ab+bc+ca,RHS=abc(a+b+c)=abc+bca+cabLHS=ab+bc+ca,RHS=\sqrt{abc}(\sqrt{a}+\sqrt{b}+\sqrt{c})=a\sqrt{bc}+b\sqrt{ca}+c\sqrt{ab}LHS = ab + bc + ca,RHS = ( +abc a +b ) =c a +bc b +ca c ab

LHS=ab+c2+bc+a2+ca+b2≥RHS(a=b=c=1)LHS=a\frac{b+c}{2}+b\frac{c+a}{2}+c\frac{a+b}{2}\geq RHS(a=b=c=1)LHS = a +2
b+c b +2

c+a c ≥2
a+b RHS(a = b = c = 1)

a,b,c≥0,a+b+c>0a,b,c\geq 0,a+b+c\gt 0a, b, c ≥ 0, a + b + c > 0 (a+b)3(b+c)2(c+a)(a+b+c)6≤427\frac{(a+b)^3(b+c)^2(c+a)}{(a+b+c)^6}\leq \frac{4}{27}≤(a+b+c)6
(a+b) (b+c) (c+a)3 2

27
4

a+b,b+c,c+aa+b,b+c,c+aa + b, b + c, c + a 3,2,13,2,13, 2, 1

=(a+b)3(b+c)2(c+a)(3a+b6+2b+c4+c+a2)6≤(a+b)3(b+c)2(c+a)(6(a+b6)3(b+c4)2(c+a2)16)6=63×42×266=274=\frac{(a+b)^3(b+c)^2(c+a)}{(3\frac{a+b}{6}+2\frac{b+c}{4}+\frac{c+a}{2})^6}\leq \frac{(a+b)^3(b+c)^2(c+a)}{(6\sqrt[\frac{1}{6}]{(\frac{a+b}{6})^3(\frac{b+c}{4})^2(\frac{c+a}{2})})^6}=\frac{6^3\times4^2\times2}{6^6}=\frac{27}{4}= ≤
(3 +2 + )6

a+b
4
b+c

2
c+a 6

(a+b) (b+c) (c+a)3 2

=
(6 )6

1
( ) ( ) ( )6
a+b 3

4
b+c 2

2
c+a 6

(a+b) (b+c) (c+a)3 2

=66
6 ×4 ×23 2

4
27

a+b6=b+c4=c+a2=k>0\frac{a+b}{6}=\frac{b+c}{4}=\frac{c+a}{2}=k\gt 0=6
a+b =4

b+c =2
c+a k > 0

{a+b=6k,b+c=4k,c+a=2k\begin{cases} a+b=6k,\\ b+c=4k,\\ c+a=2k \end{cases}

⎩⎨
⎧a + b = 6k,
b + c = 4k,
c + a = 2k
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Solution: 

By analogy: (2025 Beijing Preliminary Competition) The positive real number  satisfies 
, then the maximum value of  is ___.

Noting , it’s hard not to think of Cauchy’s inequality. 

Obtain equality conditions from Cauchy’s inequality:

, that is, 

We try to find a way to come up with a form of  times ratio of 2:1. 

So: 

Question 3

Given , and . Prove: 

Proof: It is well known that there are the following identities in triangle ABC: 

Let , then: 

But I'm afraid this problem cannot be solved smoothly using triangle substitution.

First observe the equality conditions: .

{a=2k,b=4k,c=0\begin{cases} a=2k,\\ b=4k,\\ c=0 \end{cases}

⎩⎨
⎧a = 2k,
b = 4k,
c = 0

a,b,c,da,b,c,da, b, c, d
(a2+b2+c2)(b2+c2+d2)=36,(a+d)b2+c2=6,(a^2+b^2+c^2)(b^2+c^2+d^2)=36,(a+d)\sqrt{b^2+c^2}=6,(a +2 b +2 c )(b +2 2 c +2 d ) =2 36, (a + d) =b + c2 2 6, a2da^2da d2

36=6236=6^236 = 62

[a2+(b2+c2)][(b2+c2)+d2]=36≥[(a+d)b2+c2]2=36[a^2+(b^2+c^2)][(b^2+c^2)+d^2]=36\geq [(a+d)\sqrt{b^2+c^2}]^2=36[a +2 (b +2 c )][(b +2 2 c ) +2 d ] =2 36 ≥ [(a + d) ] =b + c2 2 2 36

ad=(b2+c2)=36(a+d)2ad=(b^2+c^2)=\frac{36}{(a+d)^2}ad = (b +2 c ) =2
(a+d)2

36 ad(a+d)2=36ad(a+d)^2=36ad(a + d) =2 36

a,ba,ba, b

36=ad(a+d)2=ad(5a5+d)2≥ad(6(a5)5d16)2=36(15)53a83d4336=ad(a+d)^2=ad(5\frac{a}{5}+d)^2\geq ad(6\sqrt[\frac{1}{6}]{(\frac{a}{5})^5d})^2=36(\frac{1}{5})^{\frac{5}{3}}a^\frac{8}{3}d^\frac{4}{3}
36 = ad(a + d) =2 ad(5 +

5
a

d) ≥2 ad(6 ) =6
1 ( ) d

5
a 5 2 36( ) a d

5
1

3
5

3
8

3
4

(a2d)43≤553,a2d≤554(a^2d)^{\frac{4}{3}}\leq 5^{\frac{5}{3}},a^2d\leq 5^{\frac{5}{4}}(a d) ≤2 3
4

5 , a d ≤3
5 2 5 4

5

0<a,b,c<10\lt a,b,c\lt 10 < a, b, c < 1 ab+bc+ca=1ab+bc+ca=1ab + bc + ca = 1

a1−a2+b1−b2+c1−c2≥332\frac{a}{1-a^2}+\frac{b}{1-b^2}+\frac{c}{1-c^2}\geq \frac{3\sqrt{3}}{2}
+

1 − a2

a
+

1 − b2

b
≥

1 − c2

c

2
3 3

∑cyctanA2tanB2=1\sum_{cyc}\tan\frac{A}{2}\tan\frac{B}{2}=1tan tan =
cyc

∑
2
A

2
B

1

a=tanA2,b=tanB2,A,B∈(0,π2)a=\tan\frac{A}{2},b=\tan\frac{B}{2},A,B\in (0,\frac{\pi}{2})a = tan , b =2
A tan ,A,B ∈2

B (0, )2
π

c=1−aba+b=1tan(A+B2)=tanπ−A−B2=tanC2∈(0,1)c=\frac{1-ab}{a+b}=\frac{1}{\tan(\frac{A+B}{2})}=\tan{\frac{\pi-A-B}{2}}=\tan\frac{C}{2}\in (0,1)c = =
a + b

1 − ab
=

tan( )2
A+B

1
tan =

2
π − A − B

tan ∈
2
C

(0, 1)

a=b=c=33a=b=c=\frac{\sqrt{3}}{3}a = b = c = 3
3
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Perhaps you can consider using the fractional form of Cauchy's inequality (or sum of squares) first, and
then the mean will definitely be available.

If the numerator is not good, then you need to modify the numerator or use the numerator to multiply
the denominator type Cauchy's inequality.

Original 

Past certificate: 

And 

This question is very intriguing. If one number is different, the scaling will not be valid.

Question 4

Suppose  satisfies .

Verification: 

Proof: The conditions are complicated and I don’t know how to use them, so I consider proof by
contradiction.

Assume 

Conditions and assumptions are like mirrors broken in half, with a certain conjugation feeling. 

We prove a stronger conclusion: 

It is definitely not good to directly scale the right hand side. Let's find a way to write some local
inequalities. 

=a2a−a3+b2b−b3+c2c−c3≥(a+b+c)2(a−a3)+(b−b3)+(c−c3)≥3(ab+bc+ca)(a−a3)+(b−b3)+(c−c3)=\frac{a^2}{a-a^3}+\frac{b^2}{b-b^3}+\frac{c^2}{c-c^3}\geq \frac{(a+b+c)^2}{(a-a^3)+(b-b^3)+(c-c^3)}\geq \frac{3(ab+bc+ca)}{(a-a^3)+(b-b^3)+(c-c^3)}= +
a−a3
a2

+
b−b3
b2

≥
c−c3
c2

≥(a−a )+(b−b )+(c−c )3 3 3
(a+b+c)2

(a−a )+(b−b )+(c−c )3 3 3
3(ab+bc+ca)

∑cyc(a−a3)≤233\sum_{cyc}(a-a^3)\leq \frac{2\sqrt{3}}{3}(a −∑cyc a ) ≤3
3

2 3

x−x3=x(1−x2)=2x2(1−x2)(1−x2)2≤(23)32=239(x=33)x-x^3=x(1-x^2)=\sqrt{\frac{2x^2(1-x^2)(1-x^2)}{2}}\leq \sqrt{\frac{(\frac{2}{3})^3}{2}}=\frac{2\sqrt{3}}{9}(x=\frac{\sqrt{3}}{3})
x − x =3 x(1 − x ) =2 ≤2

2x (1−x )(1−x )2 2 2
=2

( )3
2 3

(x =9
2 3 )3

3

a,b,c,d∈R+a,b,c,d\in \R_+a, b, c, d ∈ R+ abcd=1,a+b+c+d>∑cycababcd=1,a+b+c+d\gt \sum_{cyc}\frac{a}{b}abcd = 1, a + b + c + d > ∑cyc b
a

a+b+c+d<∑cycbaa+b+c+d\lt \sum_{cyc}\frac{b}{a}a + b + c + d < ∑cyc a
b

a+b+c+d≥∑cycbaa+b+c+d\ge \sum_{cyc}\frac{b}{a}a + b + c + d ≥ ∑cyc a
b

2(a+b+c+d)>∑cyc(ab+ba)2(a+b+c+d)\gt \sum_{cyc}(\frac{a}{b}+\frac{b}{a})2(a + b + c + d) > ( +
cyc

∑
b

a
)

a

b

abcd=1,2(a+b+c+d)≤∑cyc(ab+ba)abcd=1,2(a+b+c+d)\le \sum_{cyc}(\frac{a}{b}+\frac{b}{a})abcd = 1, 2(a + b + c + d) ≤ ( +
cyc

∑
b

a
)

a

b

a=a4abcd14=abadabbc14≤2ab+ad+bc4a=\sqrt[\frac{1}{4}]{\frac{a^4}{abcd}}=\sqrt[\frac{1}{4}]{\frac{a}{b}\frac{a}{d}\frac{a}{b}\frac{b}{c}}\le \frac{2\frac{a}{b}+\frac{a}{d}+\frac{b}{c}}{4}
a = =4

1

abcd

a4
≤4

1

b

a

d

a

b

a

c

b

4
2 + +
b
a

d
a

c
b

b=2bc+ba+cd4b=\frac{2\frac{b}{c}+\frac{b}{a}+\frac{c}{d}}{4}
b =

4
2 + +
c
b

a
b

d
c
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...

Then I’m afraid there’s something wrong with the initial direction and it needs fine-tuning:

After accumulation, it is: 

Then the same contradiction follows.

a+b+c+d≤∑cyc(3a4b+b4a)a+b+c+d\le \sum_{cyc}(\frac{3a}{4b}+\frac{b}{4a})a + b + c + d ≤ ( +∑cyc 4b
3a )4a

b
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