2027 Strong Foundation Mathematics: AM-
GM Inequalities

This article compiles 22 typical examples of mean inequality, covering denominator
substitution, incremental substitution, matching, etc., local inequalities and the best estimate
under product conditions. It is suitable for systematic review of the strong foundation plan and
the basic stage of mathematics competitions.
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Example 2.1

Itis known thata > b > ¢ makes the inequality

The maximum value of a constant real number k is

The denominator is complicated, so change the denominator:

a—b=z,b—c=y,a—c=zc+y

2

11 @41
T

= = k<4
Y T+Y

Example 2.2

Assume a, b, cis a positive real number, prove:

a—+ 3c 4b 8¢

= > 12v/2 — 17.
a+2b+c+a+b+2c a+b+3c — \/_

The denominator is complicated, so change the denominator:
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a+2b+c=x,a+b+2c=y,a+b+3c==z
a=—z+ 5y — 3z,
b=x—-2y+z,
=l =9 -Fz
—z 4+ 2 4r — 8y + 4 8y — 8
Y n Y z X Y z
a5 Y z
= -17+22 445 145 +8Y
a5 Y Y z
> 174 2V2-4+2V4-8 =17+ 122
Example 2.3
Givena > b > 0, then the minimum value of a® + b(al_b) is
A.2
B.4
C.2v5
D.5
Consider b first:
1
2
Tt Na—b)
2 4
>a°+—=>4

Or consider incremental substitution:

b=z,a=x+vy

1
2 —_—
(z+y) +xy

1
>4dzy+ — >4
Ty

Example 2.4

(2012 Tsinghua Summer Camp) It is known that a, b, c is the side length of the three sides of the triangle

AABC, then the following judgment is correct:
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A<+t 55 <2
B. <k 4L +:5<2
Co<gh+ .+ 552
D.3 <% 4+ b4 -6 <2

2a a

a<b+c=— >
at+b+ec b+e

Rotatea — b — ¢ — a and get:

2b b
>
a+b+c c+a

b<e+a —

2c @

c<a+b — >
at+b+ec a-+b

Accumulation: S < 2

Let's consider the lower bound, repeat the same trick, change the denominator, and use the AM-GM
inequality:

bt+c=xz,c+a=y,a+b=2=z2
Yy+z2—x Z+T—y TH+Y—=2
S—_2 "2 73
T Y z
1l 45 z z x 3
— (g L
Y Yy oz 2

€T z z

[N}

Choose A.

Example 2.5

If the positive number z, y satisfies 2 + 2zy — 1 = 0, then the minimum value of 2z + y is

A V2

© 2
B.1/2

V3
c. g

D.v/3
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2+ y=u,y=u— 2z

> +2(u—2z)z—1=0
3z —2uz +1=0
A=4u*-12>0

3
u> Vi@ =y= ")
Or consider exchanging yuan:
z(z+2y)=1
3 1
2z +y= —z+ —(z +2y) > +/3z(z +2y) = V3

2 2

Example 2.6

If the positive number a, b, ¢ satisfies a(a + b + ¢) + be = 4, then the minimum value of the formula
3a+ 2b+ cis

a’+ab+ac+bc=(a+b)(a+tc)=4
3a+2b+c=2(a+b)+ (a+c)
> 24/2(a+b)(a+c) =43

Example 2.7

Assume x,y, z > 0, then

xy + 2yz
z? + y? + 22

The maximum value is
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Ty + 2yz
B Ty + 2yz
R s
zy + 2yz

2 %a:y—|—2 %yz

Example 2.8

Givena > 0,b > 0,c > 0,a + b+ ¢ = 1, find the maximum value of
Via+ 1+ +/4b+1++/4c+ 1.

Round up the mean by averaging:

da+1+ 1
Si

[N |

(da +1)

Simplification factor:

2+/21 5v/21
4da+1< - a+ 7

2v/21 21
i1 B,

24/21 21
vVidc+1< \é_cﬁ— 5{

2v/31 5v/21
< \/7(a+b+c)+T\/7=\/ﬁ

Example 2.9

(Zhejiang University) Suppose the sum of positive numbers x1, o, . .., z, isequalto 1 (n > 2), prove:

1 1 1
: + st

3>4
Gy — A g — 0% By — A5

Consider local inequalities:
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1
> 4z, ¢ € (0,1
2z = " (0.1)
\/_

— (222 - 1) > 0(z = 7)

[\

Obviously, it is impossible for every x to be ?, Q.E.D.

Example 2.10

Given a; > 0,and ajaqas - - - a, = 1, find the minimum value of (a3 + 2)(az + 2) - - - (an + 2).

Still holding the hand holding the equal sign:

(@ +1+1)(ag+1+1)---(a, +1+1)

> 3"Vajasa3---a, = 3"

Example 2.11

Given z > 0, find the minimum value of 2 + %.
s, 8 8
T+ -+ =
T T
> 3vV82 = 12(z = 2)

Example 2.12
Given z > 0, find the minimum value of 22 + %

x? x? x2 1 1

37373 T T

Example 2.13

Given 0 < z < 1, find the maximum value of 24/1 — z.

6/10



FRESHMARK - Mathematics 2027 Strong Foundation Mathematics: AM-GM Inequalities

The lower bound is obviously 0, there is no minimum value, consider the maximum value:

z2V/1 — x

= x4(1 — )

/4, 16v5 4
:—\/m -z z(4— 4x)< ( ) = o5 :g)

Example 2.14

Assume x > —%, then the minimum value of f(z) = 2 + = + ﬁ is____ .

Change denominator:t =2z +1 >0

t—1, t—1 4
f@) = (5P +—5+3
4 1
"1
:ﬁ+g+g_1>3_1_g(t:2x:})
4t t 4~ 4 4 ’

Example 2.15

Assume a + 3b = 3, and find the minimum value of the algebraic expression 3 4 9°.

3a+9b:3a+32b
3a 3a 32b 32b 32b

f + R
32a+6b 3
5 g3 = 5\/ )*
Example 2.16
Assumea > b > 0, and prove v/2a3 + ﬁ > 10.
©>v2-(2y/79)° +
3 3
=8v2(zy): + —
ry
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= 4v/2(zy)? + 4v2(zy)? + x—gy
> 5v/32 =10
@> V2(z +y)* + 25
= §<w+y>3+g<”y)3+ (xj—ly)2 N (acj—ly)2 i (:cj—ly)2
> 5v/32 = 10
Example 2.17

. ops o L1 1 1 27
Assume a, b, ciis a positive real number,and a + b + ¢ = 1, prove: oo T orae T s =

The equal sign is obviouslya = b =c = %

1
a+ be
B 1
a(a+b+c)+be
B 1
“@rh@+ro

3 13
°= 3\/(a+b)(a+c)(b+c)(b+a><c+a>(c+”)

L ae L 2T

(He 4

Example 2.18

It is known that the positive real number a, b satisfies ab(a 4 b) = 4, then the minimum value of 2a + b
is
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(u+1a+ (v+1)b

4uv = (ua)(vb)(a + b) < ( 3 )’
1
vt =2,ua=vb=a+b=k
v+1
=2 l,a = b=—
u v+1,a 5+ 1’
1+ I
v 2v—+1
1 3
— = +2\/—,u:2—1—\/§
%(2@—!—1)

) > 2B+ 1)(VB+2) =143
2a+b>2V3

3

Or a more attention-demanding solution:

1
(2a + b)? = 4a(a + b) + b* > ?6+b2212
= 2a+b>2V3

Example 2.19

Assume S, = 37, 1, provern(n+1)V" —n < S, <n— (n—1n VD (n> 1)

Key:1 pairing

Example 2.20

. 1 1 1 1 1

Still note the pairing of 1:

1 1 1 i3/ 1
2012 — (z 4=+ 4 =) > 2012 7% —
(2 i 3 S 2013) 2023

= L - 2+3+ +2012 > 2012 "/ L
2 3 4 2013 2023
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Example 2.21
It is known that m, n is a positive integer,and 1 < m < n, prove: (1 + m)™ > (1 4+ n)™.
(14+n)"-1x1x---x1

n—m terms

(n —m)+m(1+n)

< "=(14+m)"
( . ) = (1+m)
Example 2.22
Suppose 1, Xa, . .., Ty > 0satisfies ﬁ + 1+1m2 + -+ 1+++1 = 1, and verify:
T1To - Tpy1 > N
Equality condition: all n.
Use the substitution method to use conditions:
1
= a’i
1 + x;
1
Ty — — — 1
a;
ai +ag+ -+ aps1
Tr; = -1
a;
S a1 +a2+ - +8-1+041++0pp1
1 a;
n’naa .-.a._a. ---a
> \/12 1—10541 n+1(i:1’2,3,“.,n+1)

a;

The cumulative multiplication of all is proved
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