Peijian Education 2022 Labor Day Problem-
Solving Workshop (May 1, Part )

This article is the review notes for complex numbers in Peijian Education's 2022 May 1st
question brushing class (5.1). It systematically sorts out the three forms of complex numbers,
algebra, trigonometric, and exponent, as well as geometric applications (area, cocircle,
similarity), and demonstrates in detail the combination of numbers and shapes, rotation skills,
unit root summation, and argument principal value processing through 10 typical example
questions.
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review

Three forms of plural numbers

1. Algebraic form: z = a + bi(a,b € R),a = R(2),b = I(z)
2. Trigonometric form: z = r(cos § + isin ), (r > 0) -arg(z) € [0, 2) represents the main
value of the argument, Arg(z) € R represents the argument
° 2129 = T173[c0s(61 + 65) + isin(0; + 69)
° 2 = Tcos(6r — 02) + isin(6r — 62)
o 2" = r"(cosnb + isinnf)

o Wz = W(cos% +isin%),k:0,l,2,...,n— 1

0

3. Exponential form: e® = cos @ + isin

Application of plural numbers

1.SA = 3[Im(Zi22 + Z223 + Z321))]

2. Necessary and sufficient conditions for four points to be a circle: =2 ; -2 ¢ R

Z4—21 Z4—29

3. Az1 2923, Awiwows Similar necessary and sufficient conditions: % = %
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brush questions

Example 1

Ifz € C,|z — 2| < 1, find the maximum and minimum values of |z|, and the range of arg(z)
Solution: The point represented by z in the complex plane is on a circle with center (2, 0) and radius 1.
Sincethereis ||z| — 2| < |z — 2] < |z| + |2]:

So—-1<|2/—-2<1,1< |2/ <3

Combining numbers and shapes, arg(z) € [0, §] U [, 27)

Example 2
The complex number z satisfies arg(z + 3) = S, find min [z + 6] + |2 — 3.

Solution: Itis easy to know that the trajectory represented by arg(z + 3) = gw is
y=—3(z+3)(z<-3)

The obtained |z + 6| + |z — 34| is equivalent to the sum of the distances from the corresponding points
of zto (—6,0), (0, 3) in the complex plane.

Obviously min |z + 6| + |z — 3i| = v/62 + 32 = 3+/5 (the shortest line segment between two points).

Example 3

™

wlot

Given |z — 2i| < 1, find max arg(z — 44) Apparently max arg(z — 4i) =

Example 4

Alinel passes through the origin. The parabola C' has its vertex at the origin and its focus on the positive
z-axis. The reflections of A(—1,0) and B(0, 8) across [ both lie on C. Find the equations of { and C.

Let parabola C : y?> = 2pz(p > 0) and straight line ! : y = kxz.

If you consider calculating the symmetry point coordinates and then bringing them into the parabola,
the calculation will be extremely complicated.

We establish a complex plane and assume that O}l’, OB’ corresponds to the complex number
T1 + Y1, To + Yol.

Apparently OA’ | OB/, |OA’'| =1,|0OB'| =8

Ty = _Syla

Therefore ¢y + yoi = 8i(z1 + y1), then
y2 = 81

Bringing A’, B’ into the parabola:
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y? = 2pz; (1
(

)
)

yg = 2pxo(2
To = —8y1(3)
Yo = 8:131(4)

(1)(2) . 9
6@ —y1y2 = 4p

(1)) : y2 = 2y,

4
Y= —D,y2 = 4p
7 =2
tT 2
p 2v/5
zl +yi = (5)24‘172 =1lp= 5
4+/5
C:y? = —fx
5
Find the equation of the straight line below:
Vb 2v/5
=M=y
1 y1 —0
k T, — (—1)
Lol 541 1475
—h p 2
1++/5
l:y= 5 x

Example 5

If point A(3,0), B ison ellipse %2 + 9% = 1, point A, B, C and three points are arranged in a clockwise
direction, and A ABC is an equilateral triangle, find the trajectory of point C.

Assume C(z,y), then the geometric relationship
[(z — 3) + yi](cos 60° + isin 60°) = (zp — 3) + ypi

Then {wB Y 2 Y 2
Y

B = \/5(;:73) + % _ \/gz+gf3\/§

Enter the elliptic equation:

V3z +y—3v3
2

r—+/3y+3

= ? =4

)2+ 4(

Further simplify the coefficients:
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(z —V3y +3)* +4(V3z +y — 3v3)* = 16

Example 6

Assumez,y € R, 21 = 2 — v/3z + x4, 20 = v/3y — 1 + (v/3 — y)i, known | 21| = |23/, arg a=73
(1) Find (252)""

(2) Assume z = 222 find the number of elementsintheset A = {z | x = 2% + 2%,k € Z}.

(1)

Becausearg(Z) = 7, |z1] = |2

Soz; = 7:22

(2 — V3z) + zi = i[(v/3y — 1) + (V3 — y)i]

This gives:
2—+3z=y— 3,
9P = \/gy -1
Solving gives:
- 1+2\/§
y 1+2\/3
Therefore:
29 = 1+2\/§ + \/52—1%'
Hence:
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S 100
2
1 3
— (_ i \/_—Z-)IOO
2 2
= (cos60° + 4 sin 60°)'*°
= ¢c0s 6000° + 7 sin 6000°
= cos 240° + 7 sin 240°

1 V3

S A

2 2

Consider (5 + ?z)?’ = —1 for easier calculation.

(2)

o= 2k 4 2%
= (cos 60° + isin 60°)%* + (cos 60° + i sin 60°) 2"
= 2cos(120k)°

Considering k € Z, there are 2 possible z = 2 cos(120k). |A| = 2
Letw = —% + @z
Thereisz = —w
g = 2k g 2
— (@) + (@)
- @* + @)

Wk
Considering k = 3m, 3m + 1,3m + 2, we get that « has two possible values.

Example 7

—\4
Assume complex numbers z = cosf +isinf(0 < 0 < ), w = %,and lw| = ?,argw <7,
and find 6.
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w

(1 —cos40) + isin46
(1 +cos4h) + isin46
2 sin” 26 4 2 sin 26 cos 26

~ 92cos2 20 + 2 sin 26 cos 2601
sin 260 + 7 cos 260
= tan 20

cos 20 + ¢ sin 26

cos(5 — 20) + isin(5 — 20)
cos 26 + i sin 260

= tan 20[cos(g —46) + isin(g — 460)]

= tan 20

Requirements: | tan 26| = |w| = ?, 20 = ¢+ km

Casel

tan 20 = ?

g1 _ 1
= 1271'01‘ 1271'

&

(cosw%—'s' 71-) arg(w) L
1) = — — +isin —),arg(w) = - < <
36 6 32

Situation 2

tan20 = —

o

g5 1
= 127T or 127'('

3 ) 5 3 11 11
w = —i(cos - +isin—7) = i(cos—ﬂ tisin "

3 6 6 3 6 6

arg(w) > g

— 1 e
Tosumup, 8 = 5mor {57
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Example 8

. s 2w 3 __ 1
Proof: cos = — cos 5 + cos 5 = 5
Construct an equation: 2 — 1 =10
By de Mauve's formula: 2z = cos 2’“7“ + isin %T”, k=0,1,2,..,6
According to Vedic theorem: 29 + 21 + 20 + ... + 26 = 0

The real part is equal to 0:

14 2 + 4 n 6 + 8 n 10 n 12
COS =T + COS —T + COS =T + COS =T + COS — T + COS — T
7 7 7 7 7 7
2 3
= 1—2(cos§ —COS77T +cos77r) =0

Q.E.D

If you consider using trigonometric identity transformation:

i 2m n 3T

CoSs - coSs - COos -
B ™ n 3 n 5
= cosS - Cos - CcoS -

For the sum of trigonometric functions of equal angles, the solution is: multiply by ** twice the sine of
half the difference angle **

25inz(cosf+cos3—ﬂ +cos5—7r)

7 7 7 7
—sir12—7T—|—sir10+sin4—7r—sin_—2ﬂ-+sin6—7r—sin4—7r
N 7 7 7 7 7

.o
= sin —
7

Q.E.D

Example 9

sin z+sin 3z+sin 5z+- - -+sin(2n—1)z
cos z+cos 3z+cos br+- - -+cos(2n—1)z *

Simplify
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sinz +sin3z +sinbz + - - - +sin(2n — 1)z
cos ¢ + cos 3z + cos bz + - - - + cos(2n — 1)z
_ 2sinz[sinz + sin 3z + sin 5z + - - - + sin(2n — 1)z]
~ 2sinz[cosz + cos 3z + cos 5z + - - - + cos(2n — 1)z]
—[(cos 2z — cos0) + (cos 4z — cos 2x) + (cos 6z — cos4x) + ... + (cos 2nz — cos(2n — 2)z]

(sin2z — sin0) + (sin4x — sin 2z) + (sin 6z — sin4x) + ... + (sin 2nz — sin(2n — 2)z)
1 — cos2nz
~ sin2nz
2 sin® nz

2sin nx cos nx
= tannx

How to consider complex numbers: let z = cosx + isin

2"z
2
2"=z"
21

cosnr —

So thereare: ¢ .
sinnx =

So the numerator:

sinx + sin 3z + sinbz + - - - 4+ sin(2n — 1)z

1
= —[(Z + 33 + ...+ Z2n71) — (E +z3 + .+ Eanl)]

27
1 z2n—|—1 — E2n+l —z
:2_1[ 21  z2_1 )
Tl 2z Z2 — 27
1 [(z2”—1)—|—(22”—1)]
2 zZ—Z
:l(z”—E”)2 :(z”—in)2 24 :sin2nm
2T z—2 21 zZ—Z sin x

The same denominator:

cosx + cos 3z + cosbx + - - - + cos(2n — 1)z

1
= [+22+..+22 N+ EZ+ZB+..+ 2"

2
1[(z2n_1)_(z2n 1)]
2 zZ—z
L (" 42 7))
2 zZ—2z
2"+ 2t -2 21 sin nx cos nx
_( 2 )( 2 )(z—z)_ sin x

Divide to get tan nzx
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Example 10
I 1 _ _si
Familiar: tan § = 2% = 1_??0301

Use the sum ratio theorem:

1+sina — cosa «

1+sina+ cosa

1+ 2sina — cosao «
= tan —

1+ sina+ 2cosa

V3 +42sina — v3cosa
\/§+\/§sina—|—\/§cosa

tan &
= tan —
2
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